In this work we consider the Maxwell equationsá la Hořava [1], consistent with anisotropic transformation of space-time, as a differential operator A defined on a certain Hilbert space. We then propose the corresponding Cauchy problem and show that A is the infinitesimal generator of a strongly continuous semigroup of contractions obtaining in this way the temporal evolution of the magnetic and electric fields. Defining A on a certain dense subset we show that the total decay ratio of the energy, has a polynomial behavior in the time t, considering also that the system is confined into a bounded and regular region in R 3 .
Introduction
Transformations of scale are relevant in the study of several physical phenomena. They are required, for example, to describe the global behavior of a system under a phase transition. The equations of the state of the system have particular scaling laws as a consequence of the interactions between the microscopic degrees of freedom of the system [2] . In fact, we know that these scaling laws are the same for several different physical systems, and we say that these are in the same universality class. The global behavior are independent of the microscopic components. In high energy physics, scaling laws are so relevant; in quantum field theory some physical quantities are dependent of the energy. The electric charge and the mass have particular scaling laws [3] . In special relativity theory, only isotropic scaling of space-time like, t → bt, x → b x are compatible. However, several physical models exist such that isotropic scaling laws are not satisfied. For instance, an invariant quantum mechanics under the scaling
was constructed in [4] , where the authors showed that conserved quantities satisfy the so-called conformal algebra. Although that work was done in a theoretical framework , more recently, several applications in atomic physics and black holes have been done [5, 6] . Along the years, the compatibility between gravity and quantum mechanics has been studied, with only partial results. Recently, P. Hořava, build a modified gravity that is, in principle, consistent with quantum theory [7] . The guide in the construction of this theory, were the anisotropic scaling transformations (1) . Although this theory is not relativistic itself, to long distances, it is consistent with the Einstein gravity theory. It should be noted that in this theory the dispersion relation is given by
In the case of z = 3, the theory is renormalizable. The Hořava gravity has several interesting properties. For example, it has a natural mechanism of inflation [8] and can explain some comological phenomena without include dark matter [9] . Due to several dynamical problems [10] , some modifications to this theory have been done [11] .
From the mathematical point of view, the semigroup operators theory is a fundamental tool in the study of temporal evolution of systems. In this work, we consider the modified Maxwell equations with anisotropic scaling laws as a differential operator A defined on a certain Hilbert space. We then propose the corresponding Cauchy problem and show that A is the infinitesimal generator of a strongly continuous semigroup of contractions obtaining in this way the temporal evolution of both the magnetic and electric field. Defining A on a certain dense subset we show that the total decay ratio of the energy, has a polynomial behavior in the time t, considering also that the system is confined into a bounded and regular region in R 3 .
There are previous work about Maxwell equations within mathematical framework. For example, an spectral study ca be found in [12] . However, to our knowledge, there is no work that using the semigroups theory, addresses the Hořava electrodynamics.
This paper is organized as follows: in section 2 Hořava electrodynamics for the case of z = 2 is studied; in section 3 the anisotropic Maxwell equations, confined in a certain bounded region Ω, are studied, and we found that the total energy goes to zero when t → ∞.
Electrodynamicsà la Hořava: z = 2
In this section we study the Hořava electrodynamics for the case of z = 2 originally proposed in [13] , and recently studied in [1] . For completeness we recall the definitions
Now, let us assume we have the action
The field equations can be found through δS = 0
Considering (3), we obtain the anisotropic Maxwell equations:
The evolution of the electric E and the magnetic field H without fields of matter is described by the Maxwell equations. This system of differential equations can be seen as a Cauchy problem with a suitable Hilbert space given by
where A will be the infintesimal generator of a strongly continuous semigroup of contractions acting on the Hilbert space [14] . Consider us the Hilbert space
Consider now the subspace H 0 = {u ∈ H : ∇ · E = 0 and ∇ · H = 0}, where the diferential operator ∇ is considered in the sense of distributions; i.e. u ∈ H 0 if and only if, u ⊥ v for every v ∈ H being v = (∇f, ∇g) with f, g ∈ W 1,2 (R 3 ). Here we have defined, the vector in H
Being zero the divergence of a rotational, the operator A sent D(A) into H 0 and thus H 0 results invariant under A. Therefore, the most convenient (motivated by density reasons) is to consider the operator A H 0 , which will be denoted by A for the sake of simplicity. We can consider that the closed of
. It is possible to prove that the subspace
3 is a subspace of D(A) and it is dense in H 0 ; that is, A is a densely defined operator.
, considering the divergence of a smooth function of compact support, we have
The latter statement because the density of each of (E, H) ∈ D(A). Equation (7) means that the operator A is anti-symmetric, which is equivalent to says that iA is symmetric.
The Fourier transform of H and E, denoted byĤ yÊ, are given bŷ
As a consequence of the Plancharel theorem [16] , the map (E, H) → (Ê,Ĥ) is an isomorphism between the Hilbert spaces H andĤ and due to density, the isomorphism maps the subspace H 0 into the subspaceĤ 0 defined in a natural way throughĤ 0 = {(Ê,Ĥ) ∈Ĥ : y ·Ê = 0 and y ·Ĥ = 0} which maps as well, the operator A into the operatorÂ :
cy ×Ê).
Consider us now the proper value problem
ĝ). Since duality, 1 ∈ ρ(iA) if and only if i ∈ ρ(Â); the statement i ∈ ρ(Â)
is fulfilled if and only if for eachv ∈Ĥ 0 , the equation (8) has a unique solution, given by the resolvent
since the definition of D(Â), this resolvent has to be a bounded operator. The equation (8) can be written as the system
whose solution is given bŷ
and then results in thatû is a function ofv; therefore i ∈ ρ(Â), being equivalent to 1 ∈ ρ(iA). In the same way we can see that −i ∈ ρ(Â), and thus −1 ∈ ρ(iA).
From this analysis and doing use of the Stones theorem [17] we can write the assert:
Proposition 2.1. The operator A is the infinitesimal generator of a strongly continuous semigroup of unitary operators.
Thus, the operator A generates the Maxwell semigroupà la Hořava.
Long Time Behavior
In this section we analyze the long time behavior of the magnitude of the electric and the magnetic vector fields when the dynamic coefficient is z = 2. To begin with, consider us the anisotropic Maxwell equations in an open set Ω ⊂ R 3 . The spaces H, H 0 and C ∞ ∇ are also defined on Ω. If ∂Ω denotes the smooth boundary of Ω, we can write the Maxwell equation with a boundary condition on it,
Here we are considering the vector n = n(x) as the unit normal vector at x on ∂Ω.
The energy of the system is given by
and therefore
Consider us the subspaces:
with the inner product:
also, consider us
Let (E, H) be the solution of the system (10) with initial values (E 0 (x), H 0 (x)) ∈ H 0 . If we multiply (12) by (t + 1) and doing integration by parts we obtain
H(s)ds.
In this way G and F are a solution of the anisotropic Maxwell equations. Taking α = β = c = 1:
Take us now a derivative of the first equation in (14) with respect to t , the inner product of [L 2 (Ω)] 3 with G(t) and then the inner product of the second equation with
After doing an integration by parts in the last equality on [0, t] and considering that G t (t) = E(t) y F t (t) = H(t) we find
where M is a positive bound that does not depend of the initials conditions. Since that we have supposed that ω 0 ∈ H 0 Rot (Ω) exists, with ∇ × ω 0 = H 0 , we have
then, using the first equation of (14) we get
and so, using (13), we have to each t ≥ 0
From the above studied, we have that for each t ≥ 0 the electric and magnetics intensities are bounded jointly:
where M is a constant that does not depend of the initial conditions. From equation (15), we can see that the intensity of the electric and magnetic fields, decays jointly to long-time scales.
Summary
In this work we have studied a modified version of the Maxwell equations. This model is not invariant under Lorentz transformations but with an anisotropic transformation of the space-time. The way we have studied the problem is through a differential operator A, defined on a Hilbert space and identifying the corresponding Cauchy problem, showing that A is the infinitesimal generator of a strongly continuous semigroup of contractions. Finally, we have noted that defining A on a certain dense subset, the total decay ratio of the energy, has a polynomial behavior in the time t, when the system is confined into a bounded and regular region in R 3 . A possible future contribution could be to find, in an explicit manner, the corresponding semigroup and the behavior of the electromagnetic waves through the anisotropic space-time.
